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We consider monochromatic, plane gravitational waves in a conformally invariant theory of general 
relativity. We show that the simple, standard ansatz for the metric, usually that which is taken 
for the linearized theory of these waves, is reducible to the metric of Minkowski space-time via a 
sequence of conformal and coordinate transformations. This implies that we have in fact, exact 
plane wave solutions, however they are simply coordinate/conformal artifacts. As a consequence, 
they carry no energy. 
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I. INTRODUCTION 

Einstein gravity explains most of the observed gravitational phenomena in the universe, however a few observations 
appear to He outside of the reach of its explanatory power, without a drastic modification of the matter content. Since 
such a modification is not reasonable for luminous matter, as observational data greatly constrain the possibility to 
tinker with the distribution and quantity of luminous matter, Einsteinian relativity is salvaged via the addition of 
copious quantities of dark matter and energy. This situation is epistemologically unsatisfactory and some effort has 
been made to investigate alternative theories of relativity. The geometrical structure of Einsteinian relativity can 
be enriched by imposing the principle of scale invariance, and this in fact implies a unique gravitational action in 
4 dimensions: the corresponding theory is called Weyl gravity. Weyl gravity can be used to explain the remaining 
observed phenomena - those not well described by Einstein gravity and the existing spectrum of luminous matter (see 
for example Q, 0, 0). 

Gravitational waves are inescapable predictions of Einsteinian relativity, and their indirect observation has already 
been rewarded with a Nobel prize j3|, although their direct detection is still a decade away in principle. Of course, 
when entertaining alternative theories of gravity, one would then be very interested in elaborating the existence of 
such waves. Here we begin such an investigation for Weyl gravity. 

II. WEYL GRAVITATIONAL PLANE WAVES 
A. Weyl gravity 

The general structure of Weyl gravity is given by a metric g^u{x) which is a coordinate tensor and which transforms 
as g'^i,{x) = for a conformal transformation specified by n{x). The metric gives rise to the Levi-Civita 

connection T'^^{x) the Riemann tensor Raf_ia-p{x) and the Weyl conformal tensor Ca^a-p{x) (for the notation throughout 
this paper we will follow see also The importance of Weyl conformal tensor lies in the fact that it is covariant 
under both coordinate and scale transformations; moreover, in 4 and higher dimensional space-times, it vanishes if 
and only if there exists a combination of these two transformations for which the metric 5^1/ can be brought to 77^,^ 
the metric of fiat Minkowski space-time. 

The Riemann tensor is not conformally covariant, hence it contains gauge artifacts that are removable by conformal 
transformations. The Weyl conformal tensor on the other hand is conformally covariant, Cafj.ap{x) V,{x)'^Cafj.ap{x). 
Hence it is the fundamental object that contains all information about the geometrical background. In 4 dimensional 
geometries the dynamics is uniquely determined by 

£ = Ca^^pC"^"" + A:/:'--""- (1) 
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which gives rise to field equations of the form 

k 



W^. = --T--""-- (2) 



where W^,y is the Bach conformal tensor 



W^, = V^R^u - \v^V,R - ^g.^uV'R + 2R"P{Rp,^^ - -^g^uR^p) - \R{Rt.u - Jg^-^) (3) 

and fc is a constant related to the gravitational constant and T'^'*'*°'' is the energy-momentum tensor of the matter 
fields. 

B. Monochromatic plane waves 

To investigate wave solutions of a set of field equations, the usual approach followed in Einstein gravity consists of 
taking a linear perturbation of the form 

^ + e^^'^F{kx) (4) 

where kx = k^x^ = uj(t — x), w a constant frequency, and where the propagation vector is to be light-like (see for 
example 0)- The perturbing term is assumed to be small when considering the Hnearized theory, usually higher order 
corrections are not examined. Clearly, it is of interest to consider such perturbations in Weyl gravity. Infact, we will 
find that Q is actually an exact, albeit trivial, solution to the full non-linear field equations with no assumption of 
perturbation. 

We will impose two gauge conditions, one fixing coordinate transformations while the other fixing conformal rescal- 
ings. We impose 

r" ^ r^^.g''^ = -^d,{^\g>^'') = (5) 

which is called the harmonic gauge (Q) essentially fixing coordinate transformation (up to harmonic coordinate 
transformations). We further impose the conformal gauge condition 

5-^^Det(5'^'') = -l (6) 

which completely fixes the conformal transformations. Within this choice of conformal gauge the harmonic gauge 
reduces to 

d.g'"' = (7) 

which is considerably simpler. 

With these choices, a plane wave propagating along the xi direction has a wave vector given by 

(fc^) = (1,-1,0,0). (8) 

The specific functional dependence of F{kx) implies that d^F{kx) — k^F'{kx), where the prime denotes derivation 
with respect to the argument of the function F. 

Then, it is easy to see that the general solution for e'^" that satisfies gauge conditions |[6l), ([7]) is given by 

(a a b c \ 
bbSS 
c c 0/ 

and with a little calculation we find, in fact for any F = F{kx) a generic differentiable function, 

gf,. = Vf.. - Sf^.F - (6^ + ^)k^k,F^ (10) 
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where 



/a -a -b -c' 
■a a b c 
b b 
V-c c 



(11) 



As mentioned above, the harmonic gauge condition ^ does not completely fix the possible choice of coordinates; 
there exist coordinate transformations that preserve this gauge choice. For a coordinate transformation of the form 



+ e''$(fca;) 



where <&(?/) = dzF{z), the indefinite integral of F, we get 



(12) 



(13) 



which is easily seen to preserve the harmonic gauge The conformal gauge is then, in general, not respected. 
However, with the choice of e'^ given by 



(14) 



it is easily verified that the conformal gauge condition ^ is also respected. The crucial point of this paper is that 
the harmonic coordinate transformation, corresponding to the specific choice 



a 

2b 
V2c/ 



(15) 



brings the metric given in Q and to rj^^, the fiat Minkowskian form. 

Thus, monochromatic plane wave fiuctuations of the metric about fiat Minkowski space-time are indeed solutions of 
the exact Weyl field equations. But they are trivial solutions: they are gauge (coordinate and conformal) equivalent 
to the vacuum itself, and nothing more. In particular, if the linearized approximation to Weyl conformal gravity 
makes sense, then this approximation simply does not admit gravitational wave phenomena. Clearly a linearized 
approximation admits the ansatz ([4]), the general ansatz being a linear superposition of such waves. Again, linearized 
superpositions of harmonic coordinate transformations (fT5|) . will bring the metric to the fiat metric. Thus gravitational 
waves in Weyl gravity could only possibly exist in non-linear superpositions, where specifically the non-linear terms 
are not neglected. 

A simple calculation of the connection gives the result 



^ Q/3 



--F\Ke^^ + kpe^^-k''e^p) 



which vanishes by the harmonic transformations above and its Riemann tensor is given by 

1 



^F (kpkaE^fj kakpEfip kpk^Eaf} -\' kpkpEap) 



Rpap(5 

which is identically zero, as it should be, before or after doing the harmonic coordinate transformations. 



(16) 



(17) 



C. Rotationally invariant waves 

It is worth noticing that if we start from the metric with lower indices, of the form 

gp^u = Vi^i' + £puF{kx) (18) 
and impose the gauge conditions ([6]) and ^ then we find, after some calculation, that the only form allowed is 

gpu = tlpv - akpk^F (19) 
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with 

g,.u ^ _^ ai^t^j.i'p (20) 

for any generic differentiable function F — F(kx). This corresponds to imposing symmetry under rotations in the plane 
orthogonal to the direction of propagation, in the ansatz Imposing such a symmetry is much more restrictive than 
our analysis above considering the fluctuations of g^'^, as it reduces the possible metric fluctuations to only contain 
longitudinal waves. For such metrics, transformations of the form 

l^=*"-i"'^ (21) 

can be performed while preserving the gauge choices, and these bring the metric to the trivial form. 



III. CONCLUSIONS 



We have shown that monochromatic plane waves given by the ansatz (01) are actually conformally and coordinate 
equivalent to flat Minkowski space-time. This generalizes to all orders the result found to second order in that 
linearized plane waves carry no energy to second order in Weyl gravity. However the general result follows from the 
unexpected discovery that such fluctuations are actually trivial, they are just conformal and coordinate artifacts. The 
energy-momentum tensor of gravitational phenomena in alternative theories of gravity, and specifically here in Weyl 
gravity has been given in [3| 

^gravity ^ (^2 ^linear _ y^i?^,) - - V^V.i?) - i (?7^.a2i?l'-" ~ .g^.V^i?) - 

— 2R°'^{Rp^a^l — + ^R{Rtii^ — j9tJ.iyR)- (22) 

Since our solution is valid for any strength of the fiuctuation, the Weyl gravitational field equations must be valid 
order by order in the parameter corresponding to the strength of the fluctuation. The result in Q was an explicit 
verification of this fact for the second order terms. Here we have shown that each order vanishes exactly. How this is 
related to zero energy theorems in Weyl gravity is not clear (lol |. 

We are not able to conclude from the analysis presented here that the full Weyl gravity does not contain gravitational 
wave phenomena. We can only make this conclusion for its linearized approximation. We have shown that a single, 
monochromatic wave does not exist to all orders in Weyl gravity, and their linearized superpositions treated to 
linear order are also coordinate/conformally equivalent to fiat. However we have not shown that the full non-linear 
superpositions of waves of the form |[4]) are trivial. If this were true, it would mean that Weyl gravity contains no 
gravitational waves and would give rise to serious doubts of its viability as an alternative theory of gravity, especially 
if the direct detection of gravitational waves ensues. 
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